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in which u is the standard deviation of f(r). We make a few applications of (1) and (2) to the analysis of experimental and theoretical results.
If the interdivision times of individual bacteria are independent, it may be shown from renewal theory (Feller, 1941 ) that 2 r k " fir) is also a frequency function (Powell, 1956; Harris, 1959; ) ; i.e. p e -~7 f i 7 ) d7 = 1.
Interdivision times are known not to be independent. The interdivision times of sisters are positively correlated (Powell, 1955; Schaechter, Williamson, Hood & Koch, 1962; Kubitschek, 1962) , and the interdivision times of mother and daughter are negatively correlated (Powell, 1955) . However, equation (3) can be derived without the assumption of independence. If a bacterial population consisting of N(0) cells is in balanced growth, and if N(0) is sufficiently large so that the number of viable cells N(t) at some time, t, can be written as 
As T approaches infinity, the term [R/N(O)] e-kT approaches zero giving
JoaFe-kkx f(r)drdx = 1.
Interchanging the order of integration gives
which, upon performing the integration with respect to x, gives equation (3).
With the assumptions and approach used in this derivation it may be demonstrated that the frequency function of interdivision times of dividing cells is 2 e-hf(~) (Powell's (1956) carrier distribution, C(7)). It may also be shown that the frequency function of interdivision times of all extant cells is 2(1e-kt) f(7) (Powell's (1964) P(7)). Using the definition of 7, we have by integration 2e-k7 < 1 and, hence, 5 > In 2/k.
(1)
Formula (2) can be derived by expressing the integral in equation (4) as in which pi is the fth central moment off@). Equation (5) is valid if all of the moments exist and the series converges. For many types of functions the terms of the series in (5) rapidly go to zero. If all terms beyond the second are ignored and the substitution is made for the integral in (4), we obtain 2e-k" (1 -p1k+p2k2/2) M Since pl = 0 and p2 = a2, we have l+a2k2/2 M ekF/2.
In (1 +u2k2/2) x a2k2/2,
S h C e
In (1 + x ) = 2 (l)"+l ~/ n for If the quantitya2k2/2 is much less than 1,
Taking logarithms of equation (6) and substituting the approximation a b v e gives a2k2/2 M kT-ln 2 or 7 x In 2/k+ka2/2.
(2) Formula (2) has been derived for the special case thatf(.r) is a uniform distribution Pngleberg, 1964) or a Gaussian distribution (Barrett, 1966) . If some information is given aboutflT), it is often practicable to use the extended law of the mean to establish a limit to the error in (2).
The approximation by formula (2) was tested by a numerical method using a digital computer. Powell (1955) has found a good fit of experimental measurements off(7) to a Pearson Type 3 distribution. The frequency function of this distribution with a mean of 1 was computed for various standard deviations. For each distribution the value of k was computed by successive approximation using equation (3) and integrating by Simpson's rule. The values of k are accurate to _+ O*ooOOl. For the special case thatf (7) is a Pearson Type 3 distribution, Powell (1956) has shown that k = (2l/*l)/m, where 7 = mg anda2 = m2g. The stated accuracy of the general numerical approximation of k was verified by direct solution. The values of d were estimated by formula (2). Table 1 shows that the approximation ? = In 2/k iskood only for small values of a/7. Whena/T = 0.2, the error is less than 2 %; but whena/;r = 0.5, the error is nearly 10 %. The error in estimating 7 by formula (2) increases as t~ increases. The error of estimation at largea results from a significant contribution by higher moments of the ndistribution. At a = 0-5, the error is approximately 1 %. Since the coefficient of variation of interdivision time (u/T) rarely exceeds 0.5, the approximation by formula (2) is sufficiently accurate for most purposes. A better approximation can be made by including terms which correspond to the third and fourth moments, but the formula becomes quite complicated. Table 2 compares the estimates of T with experimental results of Powell (1955). The agreement is satisfactory. To our knowledge, no other measurements have been made with sufficient precision to establish the discrepancy between mean interdivision time and doubling time.
Relation (1) can be used to analyse parts of Powell's (1964) note on Koch and Schaechter's hypothesis. By assuming exponential growth of individuals and equal division, he derives an expression (his equation [4]) for f(7) that is symmetrical about In 2/k. But this can be true only if 7 = In 2/k, contradicting (1). His error is the assumption that the frequency function of the size of dividing cells is the same as the frequency function of the size at division of sample of newly formed cells. These functions describe different populations.
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